In this paper, the effect of the two different delays on the dynamics of a three-species ratio-dependent predator-prey food-chain model is considered. By regarding the delay as the bifurcation parameter, the local stability of the positive equilibrium and the existence of Hopf bifurcation are investigated. Explicit formulas determining the properties of a Hopf bifurcation are obtained by using the normal form method and the center manifold theorem. Special attention is paid to the global continuation of local Hopf bifurcation when the delay τ 1 = τ 2 . Finally, several numerical simulations supporting the theoretical analysis are also given.
Introduction
There has been great interest in dynamical characteristics of population models during the last few decades, among these models, predator-prey systems play an important role in population dynamics. Ratio-dependent predator-prey systems have received much attention as more suitable ones for predator-prey interactions where predation involves searching process. Many theoreticians and experimentalists have concentrated on a ratio-dependent predator-prey system. The general form of the ratio-dependent model is ẋ = xf (x) -yp( where x, y, respectively, denote the prey and predator density. The functions p(z) (the socalled predator functional response) and q(z) satisfy the usual properties such as being nonnegative and increasing, and being equal to zero at zero. Arditi and Ginzburg [] proposed the following ratio-dependent predator-prey model with a Michaelis-Menten-type or Holling-type II functional response:
where a, K , c, m, f , d are positive constants that stand for prey intrinsic growth rate, carrying capacity, capturing rate, half capturing saturation constant, conversion rate, predator death rate, respectively. It is well known that time delays in an ecological system can have a considerable influence on the qualitative behavior of these systems. The ratio-dependent predator-prey models with time delays have been studied by many researchers recently and rich dynamics has been observed (see, for example, [-] and references cited therein). In [], Xu and Chen incorporate time delay due to gestation into the ratio-dependent predator-prey system and investigate the following n-species ratio-dependent predator-prey food-chain model with a Michaelis-Menten-type functional response: ], i = , . . . , n -, . . . , dx n dt = x n (t)[-a n + a n,n- x n- (t-τ n- ) m n-,n x n (t-τ n- )+x n- (t-τ n- ) ], (.) where x i (t) represents the density of the ith population, respectively, i = , , . . . , n. a i , a ij (i, j = , , . . . , n) and m i,i+ (i = , , . . . , n -) are positive constants. τ i ≥  (i = , , . . . , n -) are constant delays due to gestation. Xu and Chen showed that the system is permanent under some appropriate conditions, and sufficient conditions are obtained for the global stability of the positive equilibrium of the system. Periodic solutions bifurcating from Hopf bifurcations in delayed differential equations are generally local. However, it is an important subject to investigate if these nonconstant periodic solutions which are obtained through local Hopf bifurcations exist globally due to theoretical and practical significance. In this paper, let n =  and make use of sufficient conditions of the global stability of the positive equilibrium of system (.) in [], we investigate the Hopf bifurcation and global periodic solutions of three-species ratio-dependent predator-prey model with two delays: where x  (t), x  (t), and x  (t) denote the densities of the prey, predator and top predator population, respectively; a  , a  and a  are the intrinsic growth rate of prey, death rates of predator and top predator, respectively; a  , a  , a  and a  stand for the conversion rates, m  and m  stand for the half capturing saturations. τ  , τ  , are constant delays due to gestation, that is, mature adult preys can only contribute to the production of predator
We would like to point out that many works investigated the dynamical behaviors of the system with two delays under the assumption τ  + τ  = τ or τ  = τ  = τ . It is important to deal with the effect of the different delays on the dynamics of system (.), and it is also a mathematical subject to investigate whether the nontrivial periodic solutions which are obtained through local Hopf bifurcations exist globally. Recently, a great deal of research has been devoted to the topics [-]. To the best of our knowledge, there are few works which deal with global Hopf bifurcation of system with different two delays. In this paper, we investigate the stability and bifurcation of model (.) with the different delays τ  and τ  , and the existence of the global Hopf bifurcation of system (.) is studied. This paper is organized as follows: In Section , by analyzing the characteristic equation of the linearized system of system (.) at positive equilibrium, the sufficient conditions ensuring the local stability of the positive equilibrium and the existence of Hopf bifurcation are obtained. Some explicit formulas determining the direction and stability of periodic solutions bifurcating from Hopf bifurcations are demonstrated by applying the normal form method and center manifold theory in Section . In Section , we consider the global existence of the bifurcating periodic solutions. A brief discussion is given in the last section.
Stability of the positive equilibrium and local Hopf bifurcations
In this section, we first study the existence and local stability of the positive equilibrium, and then we investigate the effect of delay and the conditions for the existence of Hopf bifurcations.
is a unique positive equilibrium point if and only if the following conditions are true:
Let E = (x  , x  , x  ) be the arbitrary equilibrium, and let u
then the linearized system of the corresponding equations at E is as follows:
where
all the other a ij , b ij , and c ij are . The characteristic equation for system (.) is
The characteristic equation of system (.) at E  reduces to
We can easily see that E  is unstable if b  = a  -a  > .
In the following, we study local stability of the positive equilibrium E * by analyzing the distribution of the roots of equation (.). We consider four cases.
The associated characteristic equation of system (.) is
By the Routh-Hurwitz criterion, we have the following.
We want to determine if the real part of some root increases to reach zero and eventually becomes positive as τ  varies. Let λ = iω (ω > ) be a root of equation (.), then we have
Separating the real and imaginary parts, we have
It follows that Without loss of generality, we assume that (.) has three positive roots, defined by z  , z  , z  , respectively. Then (.) has three positive roots
From (.) we have
Thus, if we denote
where k = , , ; j = , , , . . . , then ±iω k is a pair of purely imaginary roots of (.) corresponding to τ
Define
Substituting λ(τ  ) into (.) and taking the derivative with respect to τ  , we have
Therefore,
According to (.), we have
then we have the following lemma.
has the same sign with h  (z k ).
Here we also need the following lemma [] .
Lemma  Consider the exponential polynomial
where τ i ≥ , i = , , . . . , m, and p From Lemmas , , , and Theorem , we can easily obtain the following theorem. 
has at least one positive roots, and all roots of equation (.) have negative real parts for τ  ∈ [, τ   ), and the positive equilibrium E * is locally asymptotically
We want to determine if the real part of some root increases to reach zero and eventually becomes positive as τ  varies. Let λ = iω (ω > ) be a root of equation (.), then we have
It follows that
where 
 and z *  are the local minimum and the local maximum of h  (z), respectively. By the above analysis, we immediately obtain the following. Without loss of generality, we assume that (.) has three positive roots, defined by z  , z  , z  , respectively. Then (.) has three positive roots,
From (.) we have
where k = , , ; j = , , , . . . , then ±iω k is a pair of purely imaginary roots of (.) corresponding to τ
Substituting λ(τ  ) into (.) and taking the derivative with respect to τ  , we have
According to (.), we have
We consider (.) with τ  = τ *  in its stable interval [, τ   ). Regard τ  as a parameter. Let λ = iω (ω > ) be a root of equation (.), then we have
We can see that (.) has at most six positive roots ω  , ω  , . . . , ω  . For every fixed ω k , k = , , . . . , , there exists a sequence {τ . In the following, we assume that
Then we have the following result on the stability and Hopf bifurcation in system (.).
, then the positive equilibrium E * is locally asymptotically stable
) undergoes Hopf bifurcations at the positive equilibrium E
k .
Direction and stability of the Hopf bifurcation
In Section , we obtain the conditions under which system (.) undergoes the Hopf bifurcation at the positive equilibrium E * . In this section, we consider direction and stability of the Hopf bifurcation with τ  = τ *  ∈ [, τ   ) regarding τ  as a parameter. We will derive the explicit formulas determining the direction, stability, and period of these periodic solutions bifurcating from equilibrium E * at the critical values τ  , by using the normal form and the center manifold theory developed by Hassard et al. [] . Without loss of generality, denote any one of these critical values τ  = τ Throughout this section, we always assume that τ *
is the Hopf bifurcation value of system (.) may be written as a functional differential equation in
where u = (u  , u  , u  ) T ∈ R  , and
, and
, whose elements are of bounded variation such that
In fact, we can choose
where δ is the Dirac delta function.
Then when θ = , system (.) is equivalent tȯ
and a bilinear inner product
From (.), we have
Thus, we can choosē 
and
Thus, we can determine W  (θ ) and W  (θ ). Furthermore, we can determine each g ij by the parameters and delay in (.). Thus, we can compute the following values:
which determine the quantities of bifurcating periodic solutions in the center manifold at the critical valueτ  . Suppose Re{λ (τ  )} > . μ  determines the directions of the Hopf bifurcation: if μ  >  (< ), then the Hopf bifurcation is supercritical (subcritical) and the bifurcation exist for τ >τ  (<τ  ); β  determines the stability of the bifurcation periodic solutions: the bifurcating periodic solutions are stable (unstable) if β  <  (> ); and T  determines the period of the bifurcating periodic solutions: the period increases (decreases) if T  >  (< ).
Global continuation of local Hopf bifurcations
In this section, we study the global continuation of periodic solutions bifurcating from the positive equilibrium. Throughout this section, we follow closely the notations in [] and assume that τ  = τ *  ∈ [, τ   ) regarding τ  as a parameter. For simplification of notations, setting z t (t) = (x t , x t , x t )
T , we may rewrite system (.) as the following functional differential equation:
, and x  (t) denote the densities of the prey, the first predator, and the second predator, respectively, the positive solution of system (.) is of interest and its periodic solutions only arise in the first quadrant. Thus, we consider system (.) only in the domain R 
denote the connected component passing through (E * , τ
k is defined by (.). We know that (E * ,τ
k , π
) is nonempty.
Lemma  If the conditions (H  )
hold, then all nontrivial periodic solutions of system (.) with initial conditions
are uniformly bounded.
Proof Suppose that (x  (t), x  (t), x  (t)) are nonconstant periodic solutions of system (.) and define
It follows from system (.) that
-a  x  (s) ds , which implies that the solutions of system (.) cannot cross the x i -axis (i = , , ). Thus, the nonconstant periodic orbits must be located in the interior of each quadrant. It follows from the initial data of system (.) that x  (t) > , x  (t) > , x  (t) >  for t ≥ .
From the first equation of system (.), we can get
thus, we have
From the second equation of system (.), we obtain
therefore, one gets
From the second equation of system (.), we obtaiṅ
Then we have
Applying the third equation of system (.), we know
This shows that the nontrivial periodic solution of system (.) is uniformly bounded and the proof is complete.
Lemma  If the conditions (H  ) and
hold, then system (.) has no nontrivial τ  -periodic solution.
Proof Suppose for a contradiction that system (.) has nontrivial periodic solution with period τ  . Then the system (.) has nontrivial periodic solution:
], (.) which has the same equilibria to system (.), i.e.,
Note that the x i -axis (i = , , ), the invariable manifold of system (.), and the orbits of system (.) do not intersect each other. Thus, there are no solutions crossing the coordinate axes. On the other hand, note the fact that if system (.) has a periodic solution, then there must be the equilibrium in its interior, and that E are located on the coordinate axis. Thus, we conclude that the periodic orbit of system (.) must lie in the first quadrant. If (H  ) holds, it is well known that the positive equilibrium E * is global asymptotically stable Proof It is sufficient to prove that the projection of (E * ,τ 
then we have the crossing number of the isolated center (E * , τ
k , π ω k ) as follows:
k ,
Thus, we have
where (z,τ  ,p) has all or parts of the form (E * , τ k for j ≥ . Now we prove that the projection of (E * ,τ
k . Clearly, it follows from the proof of Lemma  that system (.) with τ  =  has no nontrivial periodic solution. Hence, the projection of (E * ,τ (j) k , π ω k ) onto τ  -space is away from zero.
For a contradiction, we suppose that the projection of (E * ,τ . This implies that the projection of (E * ,τ is bounded. This contradiction completes the proof.
Numerical simulations
In this section, we present some numerical results of system (.) to verify the analytical predictions obtained in the previous section. As an example, we consider the following system: 
Conclusion
In this paper, we devoted our attention to the stability and bifurcation analysis of a delayed two predator-one prey system. We obtained some conditions for local stability and Hopf bifurcation occurring. Specially, when τ  = τ  , we derived the explicit formulas to determine the properties of periodic solutions by the normal form method and center manifold theorem. In addition, the global existence results of periodic solutions bifurcating from Hopf bifurcations were established by using a global Hopf bifurcation result due to [] . Finally, a numerical example supporting our theoretical predications was given.
